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Echelon Form of a Matrix

\,d’

ELEMENTARY ROW OPERATIONS

1. (Replacement) Replace one row by the sum of itself and a multiple of another
row.?

2. (Interchange) Interchange two rows.

3

. (Scaling) Multiply all entries in a row by a nonzero constant.
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A rectangular matrix is in echelon form (or row echelon form) if it has the

following three properties:

1. All nonzero rows are above any rows of all zeros.

2. Each leading entry of a row is in a column to the right of the leading entry of

the row above it.

3. All entries in a column below a leading entry are zeros.

If a matrix in echelon form satisfies the following additional conditions, then it is

in reduced echelon form (or reduced row echelon form):
4. The leading entry in each nonzero row is 1.

5. Each leading 1 is the only nonzero entry in its column.
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A maltix in redured fow eche lon ‘Fom or _rref lools LiXe
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The left-most non-zero entry in a each row of a matrix in echelon or rref
is called a pivot position.

The number of leading 1's / pivot positions is called the rank of A.
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Computing Ax
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The matrix A as function

Let A b2 mxn mabix, Fer X € R we oja\ Hhat

Ax < A
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Question: What is the dimension of col(A)? When will col(A) equal all of R™?

Answer: The size of col(A) is equal to rank(A) or the number of pivots in an echelon
form of A. col(A) equals R™ when rank(A)=m.
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Subspaces induced by a matrix

Let A be o m¥n matrx. ’\-lmm the Qo“(.wtrw\ wre sok&rnuu determingd b\} A.
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The Big Picture
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Every vector in row(A) is orthogonal to every vector in nul(A)
and vice versa.
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Subspaces of R*n

Subspaces of R*"1

Dim=0 subspaces of R*"1
(0% zew

Dim=1 subspaces of R*"1

al\ oF R

) (00\5\5 VS 0/\\\

Subspaces of R*2

Subspaces of R*3
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Subspaces of R*n
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Dim=0 subspaces of R"2

(65 ze/0
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Note that:

(i) The span of any set of vectors is a subspace.

‘ {65 Zerp

Dim =g whereq=1, 2, ..., n-1 subspaces of R*n

SEONY %*\n\]\aare\u& H\rwn)k\ Yle o(lu\‘.,\
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(ii) Any subspace is the span of some set of vectors (it has a basis).

So this is a comprehensive list all subspaces.
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Dimension of subspace Symmetric 2x2 matrices
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3 Questions, Projection

Lt v (1, 2,3) vos (4,5 600 A ey A= Ly v, ]
\,e\' g:(-\|\|‘$\.
The following 3 questions are equivalent:

Question 1 \9 \) o \:/\(N‘ COM ‘okfw\'\;o;\ 0“' V, (MJ \r_)_?A
Question 2 \S B € S?M £\T|,\l‘~$ = (ol (A-) ?

Question 3 Dacs -HAQ Mo\‘hiy ea\'oo\‘\«o:\ A;= \) \\owc o )a\uMoA?,
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Answer to Question 1,2,3:
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Question 4
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Answer to Question 4

N°, ¢ is et in SPMS\I‘”\P,}.

\IJQ QVW"‘LJ W k\,‘ 3\40\:\1\3 A{: (? Aa> Ao 5.\0\101\.

Picture
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Question

Since cis not in W=col(A), we can then ask: What is the vector
in W=col(A) closest to c? That is the projection of c onto W.

Before projecting onto a 2-dimensional subspace we need to
project onto a 1-dimesional line.

April 25 Misc Notes Page 14



Projections

Projection onto a line

Consider o\'\o € Kn. The fro‘)uho/\ ofF b onto o is the veetor in s(wv\{ﬂ
closest to b.  Denste btinis vechor ?’-‘ff)ro'a b.
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Projection onto a plane

Before projection onto a plane, we need to find an orthogonal basis for the plane W
and then use the theorem:

THEOREM 6.3.4 Let W be a finite-dimensional subspace of an inner product space V.

(@ If{vi,v2..., v, | is an orthogonal basis for W, and u is any vector in 'V, then
projy u (. v1) v (o, v:}\' \a, “r}'t (12)
=¥ o ¥y e Vr 2
lIvi 12 lIv21? lIv. 112

Our given v1 and v2 are NOT orthogonal since their dot product is not zero. To
create an orthogonal basis that spans W, use the Gram-Schmidt process.

Exercise: Use the Gram-Schmidt process and compute the
projection of c onto W.

Gram-Schmidt procedure  +prpy oy an ndepentent set of vedwy iabo
on or*h»,)o,\d seb bhat spm) B same space
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The Gram-Schmidt Process

Given a basis {x,.... X, | for a nonzero subspace W of R", define
V) =X
XV,
V2 =:X3 = Vi
Vi* V)
X3+ V) X3 V2
V3 = X3 — s A V2
VitV Var V)
X,;‘V| X/,'Vj X,,'VI,_1
Vp =Xp— v — V3 — oo — ———Vp_|
Vi*Vv) Va+ V2 Vp—1°Vp—i
Then {vy,..., Vv, § is an orthogonal basis for W. In addition
Span{v,,..., Vi) = Span{x,,..., Xy} forl<k<p (1)

Gram ~Schmd t Normalize
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